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Introduction

In this document we will give a formal specification and semantics for both Standard OIL and Instance
OIL languages and associated inferences. This formal specification provides a precise interpreation
for all statements in OIL. It serves to make explicit all information that is implicit in OIL statements.

The document provides a model-theoretic specification of the meaning of OIL constructs and
details the inference implications of statements. From this document, the reader can determine when
an object is a member of a class, when a term is consistent (or inconsistent), and when a term has a
subclass (or subrole) relationship to another term.

In this document, we will only consider thedefinitions part of the ontology and we will ignore
fields such asdocumentationthat have no semantic significance.

OIL semantics

The semantics of OIL rely on a translation into the description logicSHIQ [4] extended with con-
crete data types [2]: we will call this logicSHIQ(d). SHIQ(d) has a highly expressive concept
language that is able to fully capture both the Standard OIL and Instance OIL languages, provided
that OIL individuals are treated as “syntactic sugar” for disjoint primitive concepts, and we will define
a translation functionσ(·) that maps OIL ontologies into equivalentSHIQ(d) terminologies. This
has the benefit that reasoning engines for OIL ontologies are (or will soon be) available: an existing
SHIQ reasoner implemented in the FaCT system [3] can be used to reason with OIL ontologies not
containing concrete data types, and this will soon be extended to a fullSHIQ(d) reasoner. On the
other hand, reasoning with ontologies containing individuals in class definitions seems to problemat-
ical, and the design of implementable algorithms is still an open problem.1

The translation is quite straightforward and follows directly from the syntax and informal spec-
ification of OIL. An OIL ontologyO consists of a listd1, . . . , dn, where eachdi is either a class
definition, an axiom, a slot definition, an instantiation axiom or a relationship axiom. This list of
definitions/axioms is translated into aSHIQ(d) terminologyT (a set of axioms) as follows:

σ(d1, . . . , dn) =
n⋃
i=1

σ(di) ∪ D

1Reasoning with individuals in a so calledAbox(a set of class and role instantiation axioms) is much more straightfor-
ward [5], and work is already underway on an extension ofSHIQ to include Abox reasoning.
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whereD is a set of axioms that enforces the disjointness of primitive concepts representing the indi-
viduals used inO.

The syntactic correspondence between OIL andSHIQ(d) is summarised in Figure 1 and de-
scribed in more detail in the following sections.2 The translation functionσ(·) is defined in Figures 2
to 4.

Standard OIL

Class definitions

A class definition is either a pair〈CN, D〉 or a triple〈CN, P,D〉, whereCN is a class name,D is a
class description andP is eitherprimitive or defined; 〈CN, D〉 is equivalent to〈CN,primitive , D〉.
A class definition〈CN,primitive , D〉 is writtenCN v D (it states thatCN is a subclass of the class
described byD) and a class definition〈CN,defined, D〉 is written CN .= D (it states thatCN is
equivalent to the class described byD).

A class descriptionD consists of an optionalsubclass-ofcomponent, itself a list of one or more
class-expressionsC1, . . . , Cn, followed by a list of zero or moreslot-constraintsA1, . . . , Am. We
will write such a class description as

[C1, . . . , Cn, A1, . . . , Am].

Class expressions

A class-expressionis either a class nameCN (some of which have predefined interpretations), an
enumerated-class, a slot-constraint, a conjunction of class expressions, writtenC1 u . . . u Cn, a
disjunction of class expressions, writtenC1 t . . . t Cn or a negated class expression, written¬C.

The class namestop, thing andbottom have pre-defined interpretations:top and thing are in-
terpreted as the most general class (written>), while bottom is interpreted as the inconsistent class
(written⊥). Note thattop andbottom can just be considered as abbreviations for the class expressions
(C or (not C)) and(C and (not C)) respectively (for some arbitrary classC).

An enumerated-class consists of a list of individual names (introduced by theone-of key word)
written i1, . . . , in.

Concrete type expressions

Slot constraints can take concrete type expressions as well as class expressions. A concrete type
expression can be either:

• One of the predicatesmin d (written>d), max d (written6d), greater-than d (written>d),
less-thand (written<d), ranged1 d2 (written (>d1 u6d2)) andequald (written (>d u6d)).

• A conjunction of concrete type expressions, writtenC1 u . . . u Cn, a disjunction of concrete
type expressions, writtenC1 t . . . t Cn or a negated concrete type expression, written¬C.

• integer andstring are also provided as abbreviations for the expressions ((min 0) or (max 0))
and ((min “A”) or (max “A”)) respectively.

Individual data values (e.g., the integer 123 or the string “xyz”) can also be used asslot fillers.
2Familiarity with OIL syntax is assumed (seehttp://www.ontoknowledge.org/oil/syntax/ for full de-

tails).
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class-def(primitive | defined) CN CN (v | .=) >
subclass-ofC1 . . . Cn u σ(C1) u . . . u σ(Cn)
slot-constraint1 u σ(slot-constraint1)
...

...
slot-constraintm u σ(slot-constraintm)

top | thing | bottom C t ¬C | C t ¬C | C u ¬C
(min d) | (max d) >d | 6d
(greater-than d) | (less-thand) >d | <d
(equald) | (ranged1 d2) (>d u6d) | (>d1 u6d2)
(C1 and . . . andCn) (σ(C1) u . . . u σ(Cn))
(C1 or . . . or Cn) (σ(C1) t . . . t σ(Cn))
(not C) (¬σ(C))
(one-ofi1 . . . in) (Pi1 t . . . t Pin)

slot-constraint SN >
has-valueC1 . . . Cn u ∃SN.σ(C1) u . . . u ∃SN.σ(Cn)
value-typeC1 . . . Cn u ∀SN.σ(C1) u . . . u ∀SN.σ(Cn)
max-cardinality n C u6nSN.σ(C)
min-cardinality n C u>nSN.σ(C)
cardinality n C u>nSN.σ(C) u6nSN.σ(C)
has-filler d u ∃SN.σ(d)

slot-defSN
subslot-ofSN1 . . .SNn (SN v SN1) . . . (SN v SNn)
domainC1 . . . Cn ∃SN.> v σ(C1) u . . . u σ(Cn)
rangeC1 . . . Cn > v ∀SN.σ(C1) u . . . u σ(Cn)
inverseRN (SN− v RN) (RN− v SN)
properties transitive SN ∈ S+

properties symmetric (SN v SN−) (SN− v SN)
properties functional > v 61SN

disjoint C1 C2 . . . Cn (σ(C1) v ¬σ(C2)) . . . (σ(Cn−1) v ¬σ(Cn))
coveredC by C1 . . . Cn σ(C) v σ(C1) t . . . t σ(Cn)
disjoint-coveredC by C1 . . . Cn (σ(C1) v ¬σ(C2)) . . . (σ(Cn−1) v ¬σ(Cn))

(σ(C) v σ(C1) t . . . t σ(Cn))
equivalentC C1 . . . Cn (σ(C) .= σ(C1)) . . . (σ(Cn−1) .= σ(Cn))

instance-ofi C1 . . . Cn Pi v σ(C1) u . . . u σ(Cn)
related SN i j Pi v ∃SN.Pj

Figure 1: Syntactic correspondence between OIL andSHIQ(d)

Slot constraints

A slot-constraint consists of a slot nameSN followed by one or more constraints that apply to the
slot, writtenSN[a1, . . . , an]. Each constraint can be either:

• A value constraint with either a list of one or more class-expressions or a list of one or more
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concrete type expressions, written∃C1, . . . , Cn.

• A value-type constraint with either a list of one or more class-expressions or a list of one or
more concrete type expressions, written∀C1, . . . , Cn.

• A has-filler constraint with either a list of one or more individual names or a list of one or more
data values, written∃C1, . . . , Cn.

• A max-cardinality constraint with a non-negative integern followed (optionally) by either
a class expressionC or a concrete-type-expression, written6n.C (6n.> if the expression is
omitted).

• A min-cardinality constraint with a non-negative integern followed (optionally) by either
a class expression or a concrete type expression, written>n.C (>n.> if the expression is
omitted).

• A cardinality constraint with a non-negative integern followed (optionally) by either a class
expressionC or a concrete type expression, written=n.C (=n.> if the class expression is
omitted).

In order to maintain the decidability of the language, cardinality constraints can only be applied
to simpleslots. A simple slot is one that is neither transitive nor has any transitive subslots. However,
as the transitivity of a slot can be inferred (e.g., from the fact that the inverse of the slot is a transitive
slot), simple slot is defined in terms of the translation intoSHIQ(d): a slotSN in an ontologyO is
a simple slot iffσ(SN) is a simple role in theSHIQ(d) terminologyσ(O).

Axioms

Standard OIL includes four kinds of axiom:

disjoint a list of two or more class expressions that are pairwise disjoint, written‖C1, . . . , Cn‖.

covered a single class expression that is covered by the succeeding list of class expressions, written
C v (C1, . . . , Cn).

disjoint-covered a single class expression that is covered by the succeeding list of disjoint class
expressions, writtenC v ‖C1, . . . , Cn‖.

equivalent a list of two or more class expressions that are equivalent, written
.=(C1, . . . , Cn).

The mapping function σ(·)

We can now define how the functionσ(·) maps OIL axioms and class definitions into (sets of)
SHIQ(d) axioms. The definition is given in Figures 2 and 3, whereCN is a class name (or a
SHIQ(d) concept name),SN is a slot name (orSHIQ(d) role name),C (possibly subscripted)
is a class expression,D (possibly subscripted) is a class or concrete type expression,E is a class
expression or a class description (super-classes plus slot constraints),A (possibly subscripted) is a
slot constraint,ai is a constraint (on a slot),i is an OIL individual,Pi is theSHIQ(d) primitive
concept used to represent the OIL individuali, d is a concrete data value (an integer or a string),n
is a non-negative integer andpd is a unary predicate (i.e.,p ∈ {>,6, >,<} andd is a concrete data
value).
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σ(C v E) = {σ(C) v σ(E)}
σ(C .= E) = {σ(C) v σ(E), σ(E) v σ(C)}

σ(‖C1, . . . , Cn‖) =
⋃n−1
i=1

⋃n
j=i+1{σ(Ci) v ¬σ(Cj)}

σ(C v (C1, . . . , Cn)) = {σ(C) v σ(C1) t . . . t σ(Cn)}
σ(C v ‖C1, . . . , Cn‖) = σ(C v (C1, . . . , Cn)) ∪ σ(‖C1, . . . , Cn‖)

σ( .=(C1, . . . , Cn)) =
⋃n−1
i=1 σ(Ci

.= Ci+1)

Figure 2: Translation of OIL axioms intoSHIQ(d)

σ([C1, . . . , Cn, A1, . . . , Am]) = > u σ(C1) u . . . u σ(Cn) u σ(A1) u . . . u σ(Am)
σ(CN) = CN

σ(D1 u . . . uDn) = σ(D1) u . . . u σ(Dn)
σ(D1 t . . . tDn) = σ(D1) t . . . t σ(Dn)

σ(¬D) = ¬σ(D)
σ(SN[a1, . . . , an]) = σ(SN(a1)) u . . . u σ(SN(an))

σ(SN(∃D1, . . . , Dn)) = ∃SN.σ(D1) u . . . u ∃SN.σ(Dn)
σ(SN(∀D1, . . . , Dn)) = ∀SN.σ(D1) u . . . u ∀SN.σ(Dn)

σ(SN(6 n.D)) = 6nSN.σ(D)
σ(SN(> n.D)) = >nSN.σ(D)
σ(SN(= n.D)) = 6nSN.σ(D) u>nSN.σ(D)

σ(i) = Pi
σ(i1, . . . , in) = Pi1 t . . . t Pin

σ(d) = (>d u6d)
σ(pd) = pd

Figure 3: Translation of OIL class definitions intoSHIQ(d)
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σ(SN[RN1, . . . ,RNn, S1, . . . , Sm]) = σ(SN[RN1, . . . ,RNn]) ∪ σ(SN[S1, . . . , Sm])
σ(SN[RN1, . . . ,RNn]) =

⋃
i=1,... ,n σ(SN v RNi)

σ(SN[S1, . . . , Sm]) =
⋃
i=1,... ,m σ(SN(Si))

σ(SN v RN) = {SN v RN}
σ(SN(↓ [C1, . . . , Cn])) = {∃SN.> v σ(C1) u . . . u σ(Cn)}
σ(SN(↑ [C1, . . . , Cn])) = {> v ∀SN.σ(C1) u . . . u σ(Cn)}

σ(SN(−RN)) = {SN− v RN,RN v SN−}
σ(SN([P1, . . . , Pn])) =

⋃
i=1,... ,n{σ(SN(Pi))}

σ(SN(+)) = {SN ∈ S+}
σ(SN(↔)) = {SN− v SN,SN v SN−}
σ(SN(↑)) = {> v 61SN}

Figure 4: Translation of OIL slot definitions intoSHIQ

In addition, the set of disjointness axiomsD is defined as:

n−1⋃
j=1

n⋃
k=j+1

{Pj v ¬Pk}

whereii, . . . , in are the individuals used inO andPi is theSHIQ(d) primitive concept used to
representi.

Slot definitions

A slot definition is a pair〈SN, X〉, whereSN is a slot name andX is a slot description. A slot
descriptionX consists of an optionalsubslot-of component, itself a list of one or more slot names
RN1, . . . ,RNn, followed by a list of zero or more global slot constraints (e.g.,inverse) S1, . . . , Sm.
We will write such a slot definition as:

SN[RN1, . . . ,RNn, S1, . . . , Sm]

Each global constraintSi onSN can be either:

• A domain constraint with a list of one or more class-expressions, written↓ [C1, . . . , Cn].

• A rangeconstraint with a list of one or more class-expressions, written↑ [C1, . . . , Cn].

• An inverseconstraint with a slot nameRN, written−RN.

• A properties constraint with a list of one or more properties, written[P1, . . . , Pn]. Valid prop-
erties aretransitive, written+, symmetrical, written↔ andfunctional, written↑.

We can now define how the functionσ(·) maps an OIL slot definition into a set ofSHIQ axioms.
The definition is given in Figure 4, whereRN andSN are slot names (orSHIQ role names),Ci is a
class expression,Si is a global slot constraint andPi is a property.
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(R−)I = {〈x, y〉 | 〈y, x〉 ∈ RI} (inverse roles)
(C uD)I = CI ∩DI (conjunction)
(C tD)I = CI ∪DI (disjunction)

(¬C)I = ∆I \ CI (negation)
(∃R.C)I = {x | ∃y.〈x, y〉 ∈ RI andy ∈ CI} (value constraint)
(∀R.C)I = {x | ∀y.〈x, y〉 ∈ RI impliesy ∈ CI} (value-type constraint)
(∃R.p)I = {x | ∃y.〈x, y〉 ∈ RI andy ∈ ∆D andp(y)} (concrete value)
(∀R.p)I = {x | ∀y.〈x, y〉 ∈ RI impliesy ∈ ∆D andp(y)} (concrete value-type)

(>nR.C)I = {x | ]{y.〈x, y〉 ∈ RI andy ∈ CI} > n} (minimum cardinality)
(6nR.C)I = {x | ]{y.〈x, y〉 ∈ RI andy ∈ CI} 6 n} (maximum cardinality)
(>nR.p)I = {x | ]{y.〈x, y〉 ∈ RI andy ∈ ∆D andp(y)} > n} (concrete min. card.)
(6nR.p)I = {x | ]{y.〈x, y〉 ∈ RI andy ∈ ∆D andp(y)} 6 n} (concrete max. card.)

(61R)I = {x | ]{y.〈x, y〉 ∈ RI andy ∈ (∆D ∪∆I)} 6 1} (functional restriction)

Figure 5:SHIQ(d) semantics

Instance OIL

Instance OIL extends Standard OIL with the possibility to define instances of classes and roles. These
definitions are of the form (instance-ofi C1, . . . , Cn) and (related S i j), whereC (possibly sub-
scripted) is a class expression,S is a slot name andi andj are individual names. An axiom (instance-
of i C1, . . . , Cn) is equivalent to (instance-of i (C1 and . . . and Cn). These axioms are simply
treated as “syntactic sugar” for axioms of the form

covered-by(one-ofi) C

(i.e.,Pi v C), and

covered-by(one-ofi) (slot-constraint S has-value(one-of j))

(i.e.,Pi v ∃S.Pj) respectively.

The semantics ofSHIQ(d)

The meaning of aSHIQ(d) terminology, and of the common inference problems, is given in terms
of a Tarski style model theoretic semantics usinginterpretations[2, 6, 4]. An interpretationI =
(∆I ,∆D, ·I) consists of a set∆I , called theabstract domainof I, a set∆D, called theconcrete
domainof I, and avaluation function·I . The abstract and concrete domains must be disjoint, i.e.,
∆I ∩∆D = ∅.

The valuation function·I maps every concept to a subset of∆I and every role to a subset of
∆I × (∆I ∪∆D) such that, for all conceptsC, D, rolesR, S, concrete predicate expressionsp and
non-negative integersn, the equations in Figure 5 are satisfied (where]M denotes the cardinality of
a setM ). Concrete predicate expressions have the obvious interpretation as shown in Figure 6. The
ordering on strings is the standard lexicographic one.

The concrete domain is treated differently from the abstract domain because it is considered to be
already sufficiently structured by the predicatesmin, max etc. Therefore, it is not appropriate to form
new classes of concrete objects (values) using the concept language [1].
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(p1 u . . . u pn)(y) ↔ p1(y) ∧ . . . ∧ pn(y)
(p1 t . . . t pn)(y) ↔ p1(y) ∨ . . . ∨ pn(y)
¬(p1 u . . . u pn)(y) ↔ ¬p1(y) ∨ . . . ∨ ¬pn(y)
¬(p1 t . . . t pn)(y) ↔ ¬p1(y) ∧ . . . ∧ ¬pn(y)

¬>x(y) ↔ <x(y)
¬6x(y) ↔ >x(y)
¬>x(y) ↔ 6x(y)
¬<x(y) ↔ >x(y)

Figure 6: Concrete expression semantics

In order to avoid considering roles such asR−− (i.e., the inverse of an inverse) we will define a
function Inv such thatInv(R) is R− andInv(R−) is R. A roleR is directly subsumedby a roleS
w.r.t. a terminologyT iff either {R v S} ⊆ T or {Inv(R) v Inv(S)} ⊆ T . A roleR is subsumed
by a roleS w.r.t. T (writtenT |= R v S) iff R is directly subsumed by aS or there is a roleS′ such
thatR is directly subsumed by aS′ andT |= S′ v S. A role R is equivalentto a roleS w.r.t. T
(writtenT |= R

.= S) iff T |= R v S andT |= S v R. A roleR is transitive inT iff {S ∈ S+} ⊆ T
for some roleS such thatR

.= S or Inv(R) .= S (this definesS+, the set of transitive role names). A
roleR is asimplerole inT iff there is no roleS such thatS is transitive inT andT |= S v R.

An interpretationI satisfiesaSHIQ terminologyT iff for every axiomR v S in T , RI ⊆ SI ,
for every axiomC v D in T , CI ⊆ DI and for every transitive roleS in T , SI = (SI)+. Such an
interpretation is called amodelof T (writtenI |= T ).

A conceptC is satisfiable with respect to aSHIQ terminologyT (written T |= C 6= ⊥) iff
there is a modelI of T with CI 6= ∅. A conceptC is subsumed by a conceptD w.r.t. T (written
T |= C v D) CI ⊆ DI holds for each modelI of T .

An OIL ontologyO is calledconsistentiff σ(O) |= > 6= ⊥. A classCN in an ontologyO is
calledconsistentiff σ(O) |= σ(CN) 6= ⊥. A classCN is asubclassof a classDN in an ontologyO
iff σ(O) |= σ(CN) v σ(DN).
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